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Mathur’ ni r ]J Lunin and Mathur: hep-th/0105126, hep-th/0109154,
Q athur’s Conjecture hep-th/0202072, hep-th/0211292, hep-th/0401115

Conventional, classical picture: Mathur’s picture:

*

T

Strong quantum effects, no Many, many smooth
semi-classical description supertube microstates =
BUT No Information is lost!

Information is semi-classical

Black hole hair -«—> The set of smooth supertube solutions

Horizon «—» Effect coarse graining over
supertube microstates

Evidence: Based mainly upon extremal, and near extremal, D1-D5
system: Supertube solutions, scattering, F1-P system,
intriguing physical picture ......




(;Testing Mathur’s Conjecture j)

Issues:

e D1-D5 system is algebraically very special, essentially harmonic.
T-dual to F1-P system

e Extremal D1-D5 system has no macroscopic event horizon

e Black hole entropy counting with D-branes is based upon three-
charge black hole (in five-dimensions): the D1-D5-P system

Strominger and Vafa, hep-th/9601029

Horizon Area ~ \/ 010203

For it to be compelling, Mathur’s conjecture
must work for the three charge black hole

—5 We need to classify all three-charge black
rings and supertubes in five dimensions.

Then:

e Which classical supertubes are single microstates, and not
superpositions of microstates.

e Are there sufficiently many smooth three-charge solutions to
account for the microstates?

e How do you count them? What are the distinct microstates?
Practical Issue: linearity of underlying equations is important.

e Black hole/ring uniqueness in five dimensions? (No!)
How badly violated?
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LThree-Charge, BPS Black Rings and Supertubes in M-theoryD

Three asymptotic electric charges: Q,, Q,, Q; M2-branes

! 2 3 4 5 6 7 8 9 10— 11—
Q, * % x
Q, * ¥ ok
Q; | * * %
¢ \ / / \ // / \ / / N\ // g
time T2 T2 T2 R4
compactification directions space transverse to branes

Ring: Three magnetic dipole charges, q4, q,, 3, M5-branes

focsaced 2 3 4 5 6 7 8 9 10 X
q, ¥ * k¥ %
a, * ¥ ¥ x % = ()
ds RS ¥ K S R

Fifth spatial direction of M5-branes defined by loops in R*:

Y= up), 0<¢<2n, j=1,2,3

Loops of magnetically charged, black strings

® (Closedloop = Dipolar fields

®( Completely arbitrary “Ring Shape”
=  Four arbitrary functions




[Relation to D1-D5-P system in IIB JJ

M-theory
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CI' he Problem in M-theoryj)

Equations of motion:

~
FRW + Rgw = 5 FmeBP°

d«F + JFAF =0

_ J

Supersymmetry conditions:

Elpﬂ = V,& + ﬁvaXO (I‘y\’p}\a — 86;Fp7\0> € = O]

Naive difficulty is that in three-charge/three-dipole-charge problem,
the F A F term is non-zero

= The problem is intrinsically non-linear

D1-D5 is intrinsically simpler: Harmonic Ansatz works

However, the three-charge/three-dipole-charge problem is linear
when organized in the right way ....

Best approach: Determine the supersymmetries first ...
then solve the supersymmetry variations for the metric
and the Maxwell fields.

C. Gowdigere, D. Nemeschansky, K. Pilch and NPW
hep-th/0306097; hep-th/0306098; hep-th/0403005; hep-th/0403006



QThe Supersymmetries])

' 1 2 3 4 5 6 7 8 9 10 11
M2 % % %
M2 ¥ ¥ %k
M2 % *  %*

We want ring solutions that are mutually BPS with the the BMPV
black hole = the space of supersymmetries is defined by:

(:%(1+F123>8:%(1—|—F145)8:%<1—|—r167>8:OJ

®  Four supersymmetries

e On the transverse R*: [% (1 — F891011) g — Oj)

® The vector: K" = &gl'¥e

O is a timelike Killing vector

e K" =(1,0,0,...,0)

= The Killing spinor is normalized by [8 = 2B 80]

where €, is a constant spinor, and the metric has the form:

[als2 — —e*Bogr? 1+ .. ]

= The supersymmetries are fixed by the physics




LConstraining the Ansatz using brane probes)

el = &P (clx1 + (Y)‘d)_f),
T2. & = eBldxz, e = B dx3, R*
T2: ' = ePrdx?, e = ePrdx’, *
T2: 66 _ eBs dx6, 67 _ €B3 dx7, e7+a _ €B4 dya

CO = el AN —e'Ne*ne’—e NP nel +
+ 2(d() - dY) Adx* Ndx +2 (G - dY) Adx* Adx +2 (ds) - dY) Adx® Adx

Arbitrary functions of y?: By,...,By, @, dny, 4 Zi@

N\

R4 vectors

Form determined by zero-force condition of mutually BPS
brane probes:

® \M2-branes parallel to any T?

® \M2-branes parallel to any two directions in R*

® Mb5-branes parallel to one direction in each pair (2,3),
(4,5), (6,7) and to any two directions in R*

In particular:

®  Fixes general form of C®)
® Fixes coefficients of e'Ae?Ae3, elae?Ae®, e'Aefae’ in C)
e Implies: B;+B,+B;=0 and B;=-2B,



LThe Ansatz D

¢! = ¢ 2202 (gl | G )

2 = ¢ MArHATA 2 3 = o ArtArTA g3

¢t = M2AH A o4 ¢S = M2 S

¢0 — MHA24 4,6 ¢l = Mth24s gy T JTHa = Aty gy

c® = _ (a’x1 - (T)-df/) A\ (Z1 dx> NdxXP + 7 dx* NdxX + 7, dx6/\dx7) I
+2(d(y) - dY) Adx* Adx® +2 (@) - dY) Adx* Ndx +2 (@) - dY) Adx® Adx

e M2 branes - Functions Zj = eGAi
© M5branes  <—>  Maxwell fields FU = dgq)
e Rotation <> Maxwellfield FO9 = do



(_Solving the supersymmetry transformations ))

dY,3 = 0 .

(e2B FU) - e2Bu flhe =0, j=1,2,3
dys = 0

+ metric function relations

5w, =0 = Ye2Biflle=0

Hence F(j) €e=0 j=1,2,3

Recall that on the R*: [% (1 — ¥ e = 0]

Therefore, on the

flat R* we have: [F(j) = *F(j), i=1,2,3j V¢

Finally, dWg 91011 = O yields one new equation:

[(F(O) ++F0) = 2 zi Zj F() ] ¢

If the two equations i are satisfied then all of the
supersymmetry variations vanish



( Solving the equations of motion })

Important shortcut: If K = el”e is timelike then it suffices
to check the Maxwell equations (the Einstein equations follow

automatically by integrability). Gauntlett and Pakis, hep-th/0212008
Basic idea: Integrability

1

3 R

wepl®Pe=[v,V,]e = (VF) e + F Fe

Take a trace, use the Maxwell equations, then what
remains is (all) the Einstein equations

Complete solution to equations of motion and supersymmetry

. . New equations from
[ FO = xF0) =1,2,3j d«F= (1/2) FAF

[d +*dZ, = 4F)AFW ] i, j, k all distinct

[ (FO 4+ xF0) = 2 zj zj FU) ]

The system is linear is it is solved in this order
Only need to solve Maxwell/Laplace in flat R*

Non-linearities only appear in source terms

Free to pick any source distributions one wishes .....



( Ring solutions in general])

First solve FU) = «F) by taking

7 = Oj(q))]/‘] ((I))
00 = |

dp,  FY = (1+x)(d(b;-dy))

The M5 branes lie along curves y= ﬁj(cb). M5 brane charge density,
oj(cb), is constant along the curve = Dipole charges, q;.

Simplicity (bound, single microstate) take _u)j(cb) =_ﬁ(¢), j=1,2,3.

Next solve d=dZ = 4F) A F® pytaking
; 7| giik DA F®NY(Z
o [RA+2Le [ (FOAFO)E)
(y—2)?

One can choose the sources, pi(f), arbitrarily. Point sources yield

BMPYV black holes. For a bound, single microstate supertube one
presumably(?) should choose the sources to lie on the ring:
= Three more arbitrary functions, p;(¢).

Finally solve (d@ ++d®@) = 23; Z FU by taking d on both sides
to obtain:
xdxd®d = x2[(dZ) NFY +(dZ) NFP +(dZ;) NFO] = T,

This is a standard problem in electromagnetism, with solution

¢y =2
Homogeneous solutions and other sources restricted by absence of
closed time-like curves. Rotation is limited by energy ...



(_The round ring })

AT
Obvious formulation: R*as R? x R?
with polars (z, 6,) and (r, 6,)
Ring defined by r =0, z = R. Z
Better coordinates:
Z4+r*—R? Z+rr+R?

xX=—

VG R )(GrRE ) © G RP+ (G RE+ )

R? dy? dx?
2 2 2 2\ 102
dsp = ) (yz— 1 + (y"—1)do7] + . _x2+(1 — X )d@z)

Simpler description of magnetic dipole field from ring:

[ FY = q;(dxNnd0, — dyndB) ]

Solution for Z;:

Zo=1+4ZG_y - Hi% <x2y2>]

2
&\_/ \ R .~ /
boundary condition Constant M2 brane r\om FD A F® term
at infinity density on ring

(could be more exotic)
Rotation: (dw ++dw)=25%; Z FO with © = k;d6; + kpd6,
= Inhomogeneous Legendre equations.

Regularity = Legendre polynomials

No closed time-like curves = Unique w



(_The round ring ... continued )

Introduce ) 24
A=2(qi+q+q3), B=— (qul + O+ 03q3), C=— 6111;21293
then

[kl = 0P-1) ($640) + 3) —AD+D, = (2= (S04 + §)]

Near the ring, the warp factors
blow the metric up to S? x S’

, C2\'3 [ /9R? .
ds? — <@> KC2 )Md@ + R2(dy? + sin?y (dO; +d6,) )]

Surface volume:

|
M = (291920102 4241930103 + 2423003 — 4107 — 4505 — 4303) —EACR2

\/.76 3
Nilp I’lilp

nti ring charges: i = i =
Quantized ri g Charges 0 q 4] 2

(L = torus length scale) AR’

Asymptotic charges:

N] :Nl —I—n2n3, N2:N2+n1n3, N3 :N3+n1n2

1< 1[L
Jl = JT E (E o n1n2n3> , Jz = —5 <lzl I/ll'Ni — n1n2n3>
R*L*
where JI = (ny +ny+n3)
p

Seven parameters: q,, Q,, R; Five asymptotic charges: N, J, J..



(_Conclusions )

General solution for the 3-charge supertube

Simple linear system: Four-dimensional Maxwell/Laplace
equations. Non-linearities in source terms only ...
Good news for trying to prove Mathur’s conjecture
Huge number of solutions! Is Mathur right?

General ring profile has seven arbitrary functions:
Profile, ¥ = pi(¢), and electric densities, pi(P).

Black hole uniqueness hugely violated ....

Arbitrary combinations of ring profiles and charge densities are
straightforward  Exotica: Variable charge density and beaded rings

Round ring has seven free parameters, but only five
asymptotic charges.

Supertubes are regular (except for null orbifold)

Generalizations: Half-flat (hyperKahler) transverse spaces
Classifying supersymmetries: A very powerful technique

To do:
e Find the solutions corresponding to single, bound microstates

e Count solutions, or show that for every solution corresponding
to a microstate there is a smooth supertube solution

e |IB forms of the solutions: D1-D5-P

e Maximum entropy calculations ....
e Exotics: Beaded rings?, other things ....



