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Introduction

Lattice QCD : Model independent determination of
nonperturbative quantities

⇓

Weak matrix elements of heavy-light system

Uncertainties in heavy-light system on a lattice:

† Discretization error ∝ (amQ)
n 6= O(an)

⇒ Relativistic heavy quark action (RHQ)

† Chiral extrapolation msimulation À mu/d

⇒ Domain-wall light quark action (DWF)

† Renormalization of currents

⇒ This work
One-loop renormalization and improvement of
bilinear currents consisting of RHQ and DWF
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Relativistic heavy quark
Aoki, Kuramashi and Tominaga (2003)

SQ =
∑

x

[

m0Q̄(x)Q(x) + Q̄(x)γ0D0Q(x) + νQ
∑

i

Q̄(x)γiDiQ(x)

−
rta

2
Q̄(x)D2

0Q(x)−
rsa

2

∑

i

Q̄(x)D2
iQ(x)

−
iga

2
cE

∑

i

Q̄(x)σ0iF0iQ(x)−
iga

4
cB

∑

i,j

Q̄(x)σijFijQ(x)



 ,

• the Fermilab action with a special choice of parameters
[El-Khadra, Kronfeld and Mackenzie (1997)]

• νQ, rs, cE , cB : determined to one-loop level in a mass
dependent way. [Aoki, Kuramashi and Kayaba(2003)]

⇒ no O(αs(amQ)
n) nor O(αs(amQ)

na~p) error in the action

• In mQ → 0, RHQ→ the clover action, and
the space-time rotational symmetry is restored.

One-loop renormalization and improvement of the heavy-light currents with relativistic heavy and domain-wall light quarks – p.3



Domain-wall fermion
Kaplan(1992), Shamir(1993), Furman and Shamir(1995)

SDW =
∑

x,y

∑

s,t

ψ̄s(x)DDW(x, s; y, t)ψt(y),

DDW(x, s; y, t) = DW(x, y) δs,t + δx,yD5(s, t),

DW(x, y) =
∑

µ

γµDµ −
a

2

∑

µ

D2
µ −M5 δx,y ,

D5(s, t) = δs,t − PL δs+1,t − PR δs−1,t

+mf

[

PL δs,N5
δ1,t + PR δs,1δN5,t

]

,

physical quark field :







q(x) = PLψ1(x) + PRψN5
(x)

q̄(x) = ψ̄1(x)PR + ψ̄N5
(x)PL

,

PR/L = (1± γ5)/2,

1 ≤ s, t ≤ N5 (N5 →∞)

• Exact chiral symmetry at the finite lattice spacing

• Leading scaling violation ∼ O(a2) without any tuning

• The space-time rotational symmetry
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Heavy-light currents (vector case)

• Define the lattice heavy-light vector current by

q̄ γµQ







Q : Relativistic heavy quark

q : Domain-wall light quark

• To remove O(αs(amQ)
na~p) errors from the lattice current, all dimension

four currents

q̄ ∂−µ Q, q̄ ∂+
µ Q, (~∂iq̄)γiγµQ, q̄ γµγi(~∂iQ),

could mix under the renormalization.
† The equation of motion is used.

† The last two are the result of a violation of the space-time rotational symmetry.

⇓

V latt,imp
µ ∝ a linear combination of the above five currents.
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Definition of improvement coefficients

e.g.) vector current :

V latt,imp
µ = q̄γµQ− g2c+Vµ{q̄∂

−
µ Q} − g2c−Vµ{q̄∂

+
µQ}

−g2cLVµ{
~∂iq̄}γiγµQ− g2cHVµ q̄γµγi{

~∂iQ},

V MS
µ = ZVµ V

latt,imp
µ ,

where

ZVµ =

√

Z
(0)
Q,latt(mQ)

Zw(M5)

[

1− g2∆Vµ

]

,







Z
(0)
Q,latt(mQ): tree-level wave function

Zw(M5): known to one-loop

and ∂±µ = ∂µ
→
± ∂µ
←

.

• Five coefficients ∆Vµ and c
±,H,L
Vµ

have to be determined in the following.

• Coefficients are obtained as functions of mQ and M5.
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Properties of the coefficients
Â

Á

¿

À

V MS
µ = ZVµ V

latt,imp
µ ,

V latt,imp
µ = q̄γµQ− g2c+Vµ{q̄∂

−
µ Q} − g2c−Vµ{q̄∂

+
µQ}

−g2cLVµ{(
~∂iq̄)γiγµQ} − g2cHVµ{q̄γµγi(

~∂iQ)},

• In mQ 6= 0 case:
→ no rotational symmetry
→ ∆V0

6= ∆Vk , c±,H,L
Vk

6= c
±,H,L
V0

, especially cH,L
Vµ
6= 0,

• In mQ = 0 case:
→ the rotational symmetry restored
→ ∆V0

= ∆Vk , c±,H,L
V0

= c
±,H,L
Vk

, especially cH,L
Vµ

= 0

• Eq. of motion→ c
H,L
V0

= 0.
Only two coefficients required for the improvement of V0
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Calculational method (vector)

Calculate the on-shell
amplitude of the lattice
current

��� � � ��

��� � 	
�
� �

on the lattice¶ ³
Xlatt
µ ūq(q)γµuQ(p)

+ Y latt
µ (pµ + qµ)ūq(q)uQ(p) + Zlatt

µ (pµ − qµ)ūq(q)uQ(p)

+ Rlatt
µ ūq(q)γµ (γipi)uQ(p) + Slatt

µ ūq(q) (γiqi)γµuQ(p)

+ O(a2)

µ ´
in the continuum¶ ³

Xcont,MS
µ ūq(q)γµuQ(p)

+ Y cont
µ (pµ + qµ)ūq(q)uQ(p) + Zcont

µ (pµ − qµ)ūq(q)uQ(p)

The rotational symm.→ Rcont
µ = Scont

µ = 0

µ ´
∆Vµ ⇐ X latt

µ −Xcont,MS
µ and ZQ, Zq

c
±,H,L
Vµ

⇐ Y latt
µ − Y cont

µ , Z latt
µ − Zcont

µ , Rlatt
µ , Slatt

µ
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Numerical results

The numerical integrations were performed with

• 3 different gauge actions:
plaquette, Iwasaki and DBW2

• 14 or more values of mQ in 0.1 ≤ mQ ≤ 6.0 for each M5

• 11 values of M5 in 0.1 ≤M5 ≤ 1.9

mainly at Riken Super Combined Cluster System at Riken.

In the following, the results of ∆Vµ and c
±,H,L
Vµ

are given as a
function of mQ and M5.
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∆Vk and ∆V0

ZVµ =

√

Z
(0)
Q,latt(mQ)

Zw(M5)

[

1− g2∆Vµ

]

• The different point corresponds
to the different M5.
→M5 dependence is relatively
small.

• ∆Vk = ∆V0
at mQ = 0.

0 1 2 3 4 5 6
m

Q

-0.05

0

0.05

0.1

∆ V
k

plaquette
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c+Vk and c+V0

º

¹

·

¸
V latt,imp
µ = q̄γµQ− g2c+Vµ{q̄∂

−
µ Q} − g2c−Vµ{q̄∂

+
µQ}

−g2cLVµ{(
~∂iq̄)γiγµQ} − g2cHVµ{q̄γµγi(

~∂iQ)},

• c+Vk = c+V0
at mQ = 0

0 1 2 3 4 5 6
m

Q

-0.02

-0.01

0

0.01

0.02

c V
k+

plaquette Iwasaki

DBW2
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c V
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c−Vk and c−V0

º

¹

·

¸
V latt,imp
µ = q̄γµQ− g2c+Vµ{q̄∂

−
µ Q} − g2c−Vµ{q̄∂

+
µQ}

−g2cLVµ{(
~∂iq̄)γiγµQ} − g2cHVµ{q̄γµγi(

~∂iQ)},

• c−Vk = c−V0
at mQ = 0

0 1 2 3 4 5 6
m

Q

-0.02

-0.01

0

0.01

0.02

0.03

c V
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cHVk and cLVk

º

¹

·

¸
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Benefit of chiral symmetry

Define the axial transformation of DWF by







δ qi = i
(τ3)ij

2 γ5 q
j

δ q̄ i = q̄ j i
(τ3)ji

2 γ5

,

Lattice W-T identity¨
§

¥
¦〈0|

∫

∂R
dσµ(y)A

3,ll
µ (y)V hl

ν (x)O |0〉 = − 1
2 〈0| A

hl
ν (x)O |0〉

where A3,ll
µ (y) : light-light conserved axil-vector current

O : arbitrary operator

{V hl
ν , Ahl

ν } = {q̄γνQ, q̄γνγ5Q}

{V hl
ν , Ahl

ν } = {q̄γνQ, q̄γνγ5Q},

{q̄∂−µ Q, q̄∂
−
µ γ5Q},

{q̄∂+
µ Q, q̄∂

+
µ γ5Q},

{(~∂iq̄)γiγµQ, (~∂iq̄)γiγµγ5Q},

{q̄γµγi(~∂iQ), −q̄γµγ5γi(~∂iQ)}
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Benefit of chiral symmetry (contd.)

On the other hand, from a continuum W-T identity,

〈0|
∫

∂R
dσµ(y)A

3,ll
µ (y)V MS

ν O |0〉 = − 1
2 〈0| A

MS
ν O |0〉

VMS
µ = ZVµ

[

q̄γµQ− g
2c+Vµ{q̄∂

−
µ Q} − g

2c−Vµ{q̄∂
+
µ Q}

−g2cLVµ{(
~∂iq̄)γiγµQ} − g

2cHVµ{q̄γµγi(
~∂iQ)}

]

AMS
µ = ZVµ

[

q̄γµγ5Q+ g2c+Vµ{q̄∂
−
µ γ5Q}+ g2c−Vµ{q̄∂

+
µ γ5Q}

+g2cLVµ{(
~∂iq̄)γiγµγ5Q} − g

2cHVµ{q̄γµγ5γi(
~∂iQ)}

]

,

This relation holds

• if a conseved axial-vector current exists on the lattice,

• for arbitrary heavy quark action.
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Improving PT series

• Mean field improvement [Lepage and Mackenzie (1993)]

ZMS−latt
Vµ

=

√

√

√

√

Z
(0)
Q,latt(mQ)

Zw(M5)

[

1− g2∆Vµ (mQ,M5)
]

⇒ ZMS−latt,MF
Vµ

= uMC

√

√

√

√

Z
(0)
Q,latt(m̃Q)

ZMF
w (M̃5)

[

1− g2∆MF
Vµ

(m̃Q, M̃5)

]

,

m̃Q, M̃5 : the mean field tree level values of mQ and M5, respectively.

• Quasi-Nonperturbative + MF [Harada, et al. (2002) for h-l system]

Nonperturbative Zdw
V (= Zdw

V0
= Zdw

Vk
= Zdw

A ) for the massless DW quarks
is available, and includes Zq and Zw nonperturbatively.

⇒ ZMS−latt,QNP+MF
Vµ

=
√

uMC Z
(0)
Q,latt(m̃Q)Zdw,NP

V (M5)

[

1− g2∆QNP+MF
Vµ

(m̃Q, M̃5)

]

One-loop renormalization and improvement of the heavy-light currents with relativistic heavy and domain-wall light quarks – p.16



Improving PT series

• Mean field improvement [Lepage and Mackenzie (1993)]

ZMS−latt
Vµ

=

√

√

√

√

Z
(0)
Q,latt(mQ)

Zw(M5)

[

1− g2∆Vµ (mQ,M5)
]

⇒ ZMS−latt,MF
Vµ

= uMC

√

√

√

√

Z
(0)
Q,latt(m̃Q)

ZMF
w (M̃5)

[

1− g2∆MF
Vµ

(m̃Q, M̃5)

]

,

m̃Q, M̃5 : the mean field tree level values of mQ and M5, respectively.

• Quasi-Nonperturbative + MF [Harada, et al. (2002) for h-l system]

Nonperturbative Zdw
V (= Zdw

V0
= Zdw

Vk
= Zdw

A ) for the massless DW quarks
is available, and includes Zq and Zw nonperturbatively.

⇒ ZMS−latt,QNP+MF
Vµ

=
√

uMC Z
(0)
Q,latt(m̃Q)Zdw,NP

V (M5)

[

1− g2∆QNP+MF
Vµ

(m̃Q, M̃5)

]

One-loop renormalization and improvement of the heavy-light currents with relativistic heavy and domain-wall light quarks – p.16



Improving PT series

• Mean field improvement [Lepage and Mackenzie (1993)]
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,

m̃Q, M̃5 : the mean field tree level values of mQ and M5, respectively.

• Quasi-Nonperturbative + MF [Harada, et al. (2002) for h-l system]
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Improving PT series (contd.)

• No improved case ∆Vk

• Mean field ∆MF
Vk

• QNP + MF ∆QNP+MF
Vk
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Improving PT series (contd.)
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Conclusion

• One-loop determination of the O(a) improvement
coefficients for the heavy-light vector currents consisting of
the relativistic heavy and the domain-wall light quarks.
→ remove O(αs(amQ)

n) and O(αs(amQ)
na~p).

• Thanks to chiral symmetry, ZVµ=ZAµ , c±,H,LVµ
= c

±,H,L
Aµ

.
This property is very helpful for the test of the soft pion
relation on the lattice.

• We exercise two ways of improving PT series, “MF” and
“QNP + MF”. “QNP + MF” seems to work well.
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