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Introduction to Variational MethodIntroduction to Variational Method

Schrodinger Equation:Schrodinger Equation:

Solutions of Schrodinger EquationSolutions of Schrodinger Equation
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Solutions form full basisSolutions form full basis

Ritz PrincipleRitz Principle
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Variational PrincipleVariational Principle
!! if                      is  a class of trial “if                      is  a class of trial “variationalvariational” states” states

!! if if 

!! then then 
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allows to estimate ground state energy in systemallows to estimate ground state energy in system
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In Quantum Mechanics states           are In Quantum Mechanics states           are 
represented with waverepresented with wave--functions, e.g. in functions, e.g. in 
coordinate representationcoordinate representation

One considers a trial waveOne considers a trial wave--function with few or function with few or 
many adjustable parametersmany adjustable parameters

Ψ

)(xΨ∝Ψ

),...,;( 1 mx ααα Φ∝Φ



Introduction in Variational MethodIntroduction in Variational Method
Example: Hydrogen AtomExample: Hydrogen Atom
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PROSPROS

!! Nonperturbative analytical resultsNonperturbative analytical results
!! Known upper energy estimateKnown upper energy estimate
!! If trial states class is wide enough, may give exact If trial states class is wide enough, may give exact 

answeranswer

CANSCANS
!! Only as good as is the choice of trial states classOnly as good as is the choice of trial states class
!! Hard to control and estimate the errorHard to control and estimate the error
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In Quantum Field TheoryIn Quantum Field Theory

In Center of Mass FrameIn Center of Mass Frame
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In Schrodinger pictureIn Schrodinger picture
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In QFT the Quantum State is much more In QFT the Quantum State is much more 
complicated structure than in QMcomplicated structure than in QM
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Example: Example: superfluiditysuperfluidity

"" 00--mode dominancemode dominance
""short rangeshort range
"" leading interaction in      is leading interaction in      is 

00--mode in/out scatteringsmode in/out scatterings
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…diagonalizable with Bogoliubov transformation…diagonalizable with Bogoliubov transformation
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!! choose trial state in some formchoose trial state in some form
!! system of integralsystem of integral--differential equationsdifferential equations
!! (gap equation)(gap equation)

Variational Approach in Field TheoryVariational Approach in Field Theory
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Introduction to Variational MethodIntroduction to Variational Method
Variational Approach in QCD (BCS, TDA, RPA)Variational Approach in QCD (BCS, TDA, RPA)
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Advantages of Variational Method in QFTAdvantages of Variational Method in QFT
!! possibility of possibility of nonperturbative nonperturbative resultsresults
!! possibility of high numerical efficiencypossibility of high numerical efficiency

Difficulties of Variational Method in QFTDifficulties of Variational Method in QFT
!! complicated general structure of Quantum Statescomplicated general structure of Quantum States
!! necessity of regularization/renormalization necessity of regularization/renormalization 

nonperturbativenonperturbative procedure if result is not finiteprocedure if result is not finite
!! only equalonly equal--time formulationtime formulation
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Overcomplicated Quantum States structureOvercomplicated Quantum States structure
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Guideline:Guideline:
!! parameterize Quantum State in terms of parameterize Quantum State in terms of 

expectation values themselves, e.g.expectation values themselves, e.g.

!! derive constraints imposed on     derive constraints imposed on     by by 
quantum algebraquantum algebra

!! obtain constrained minimization problemobtain constrained minimization problem
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Variational Method in QFTVariational Method in QFT

O(N) Nonlinear sigma model:O(N) Nonlinear sigma model:
free field constrained to a spherefree field constrained to a sphere
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can be rewritten in terms of ladder operators in can be rewritten in terms of ladder operators in 
Schrodinger pictureSchrodinger picture
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We intend to solve We intend to solve 

subjectsubject
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Theorem I:Theorem I:
for operator         , for operator         , FockFock space                  and a space                  and a 
kernel kernel of anyof any hermitian hermitian positive definite positive definite 

operator with finite trace,operator with finite trace, in particularin particular

there exist             such thatthere exist             such that
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Variational Method in QFTVariational Method in QFT
IfIf
sufficient to consider set of states sufficient to consider set of states 

such thatsuch that
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Variational Method in QFTVariational Method in QFT
is is requiredrequired forfor

trivially for any                            is a trivially for any                            is a hermitianhermitian, positive, positive
definite operator;definite operator;

∈η

(!) (!) FockFock space is isomorphic to space of all space is isomorphic to space of all 
hermitianhermitian, positive definite operators with finite , positive definite operators with finite 
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Similarly one can show that ifSimilarly one can show that if
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In these terms our problem reads likeIn these terms our problem reads like
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Quantum Gaussian Packet is a quantum stateQuantum Gaussian Packet is a quantum state
such thatsuch that0U=α
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using basic property of Quantum Gaussian using basic property of Quantum Gaussian 
Packets one can show that for averagesPackets one can show that for averages
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furthermore, one can show that for any parefurthermore, one can show that for any pare
such thatsuch that
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To know ifTo know if

is an exact condition one need to show thatis an exact condition one need to show that
Quantum Gaussian Packets provide absoluteQuantum Gaussian Packets provide absolute
“minimum” for“minimum” for
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We succeeded to show thatWe succeeded to show that
!! QGP gives at least local QGP gives at least local extremum extremum for this for this 

relation:relation:
!! QGP provide correct asymptotic formQGP provide correct asymptotic form
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In these terms we translate for:In these terms we translate for:
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Example: O(N) nonlinear sigma modelExample: O(N) nonlinear sigma model
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To analyze this problem we introduceTo analyze this problem we introduce

[diagonal part of] which  leaves us with[diagonal part of] which  leaves us with
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Since Q and B enter independently, one shall clearly Since Q and B enter independently, one shall clearly 
maximize Bmaximize B
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solution:
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Existence of critical point can be wellExistence of critical point can be well
illustrated by separating explicitly 0illustrated by separating explicitly 0--mode in mode in QQ
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If If ∆∆ is too large, residual particles accumulate is too large, residual particles accumulate 
in 0in 0--mode producing mode producing BoseBose--condensationcondensation

The order parameter, related to amount of The order parameter, related to amount of 
condensation, develops continuously condensation, develops continuously 
indicating 2indicating 2ndnd order phase transitionorder phase transition



SummarySummary
!! Presented novel approach to variational method in Presented novel approach to variational method in 

QFTQFT: : 
!! encode trial quantum state in terms of relevant expectation encode trial quantum state in terms of relevant expectation 

values values 
!! consider corresponding quantumconsider corresponding quantum--algebraic constraintsalgebraic constraints
!! solve constrained optimization problemsolve constrained optimization problem

!! Considered quantum operators relevant for O(N) Considered quantum operators relevant for O(N) 
nonlinear sigma model and constraints for their nonlinear sigma model and constraints for their 
expectation valuesexpectation values

!! Presented complete solution for O(N) nonlinear model Presented complete solution for O(N) nonlinear model 
in 2+1 dimensionsin 2+1 dimensions


